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Abstract 

I review the microscopic spin-orbital Hamiltonian and ground state properties of spin one-half spinel oxides with 
threefold t2g orbital degeneracy. It is shown that for any orbital configuration a ground state of corresponding spin 
only Hamiltonian is infinitely degenerate in the classical limit. The extensive classical degeneracy is lifted by the 
quantum nature of the spins, an effect similar to order-out-of-disorder phenomenon by quantum fluctuations. This 
drives the system to a non-magnetic spin-singlet dimer manifold with a residual degeneracy due to relative orientation 
of dimers. The magneto-elastic mechanism of lifting the "orientational" degeneracy is also briefly reviewed. 
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1. Introduction 

The pyrochlore lattice which is composed by cor- 
ner sharing tetrahedra, is known to be the most 
frustrated lattice existing in the nature. For the 
Heisenberg antiferromagnet on pyrochlore lattice 
the order-out-of-disorder mechanisms are inactive 
[1] and such a spin system would remain liquid 
down to the lowest temperatures [2] . 

However, in real compounds magnetic ions, form- 
ing a frustrated lattice, often possess an orbital de- 
generacy in addition to the spin one. In such cases, 
orbital degrees of freedom are also incorporated in 
the superexchange theory and the systems are de- 
scribed by means of an effective Kugel-Khomskii 
type spin-orbital model [3]. The exchange interac- 
tion between magnetic moments on a bond depends 
now on the orientation of occupied electronic or- 
bitals with respect to that bond. The physical be- 
havior of such systems is expected to be drastically 
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different from that of pure spin models, as the occur- 
rence of an orbital ordering can modulate the spin 
exchange and partially or fully release the geomet- 
rical degeneracy of the underlying lattice. 

The compounds that we have in mind are tran- 
sition metal (TM) spinels. The systems which are 
the subject of intense experimental and theoreti- 
cal activity [4] . All spinels have the general formula 
AB2O4 and here we will be dealing with situation 
when B sites with octahedral coordination are occu- 
pied by magnetic TM ions with orbital degeneracy. 
The most interesting feature of the spinel structure 
is the fact that the B ions form a highly frustrated 
pyrochlore lattice [See Fig.l]. These systems thus 
give the unique possibility to explore how the natu- 
ral tendency of correlated systems to develop mag- 
netic and orbital is effected by geometrical frustra- 
tion. 

The degeneracy of the c?-shell of TM ions is not 
fully lifted by the ligand field with octahedral sym- 
metry and local electronic structure is composed by 
high energy Cg doublet and low energy t2g triplet. 
In the case of partial filling of the t2g manifold, 
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Fig. 1 . The pyrochlore lattice formed by B sites in the spinel 
structure AB2O4: only B (colored circles) and O (white 
circles) sites are shown. 

{dxy, dxz, and dyz orbitals), one encounters with 
the threefold orbital degeneracy in and d^ sys- 
tems. The first case corresponds to Ti^+ spinels, 
such as MgTi204 [5,6], and the second case to V'^^ 
spinels AV2O4, where A=Zn, Mg, Cd [7,8] . Although 
both cases are described by similar Hamiltonians the 
physics of S* = 1/2 and 5=1 systems are drastically 
different. In what follows, I focus on the spin one- 
half system and refer the readers to Refs.[9,10,ll] 
for the discussion of d^ systems. 

The theoretical studies of the effective model 
for titanium spinels have been performed in Refs. 
[12,13]. Here, I briefly review the obtained results, 
however, within a different and complimentary 
scheme of reasoning. 

2. Effective spin-orbital Hamiltonian 

We assume that the low-temperature insulating 
phase of MgTi204 is of Mott-Hubbard type. How- 
ever, the alternative description of the insulating 
phase starting from the band picture is also possible 
and is given in Ref. [14]. 

In the Mott phase, an effective low energy spin- 
orbital Hamiltonian can be derived with the stan- 
dard second-order superexchange theory and has 
been reported in Refs. [12,13]. The peculiarity of the 
spinel structure is due to the fact that electron trans- 
fer between the nearest-neighbor (NN) sites of B- 
sublattice is governed by the direct dda overlap of 
t2g orbitals. The dda overlap in afi plane connects 
only the corresponding orbitals of the same a/3 type. 
The pyrochlore lattice, formed by B-ions, can also be 
viewed as a collection of crossing chains running in 
xy, yz, and xz directions, as seen in Fig. 1. Along the 
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Fig. 2. Orbital arrangements on (A) antiferromagnetic and 
(B) ferromagnetic bonds. 

bond, for example in xy direction, only the diagonal 
overlap between xy orbitals are nonzero. Therefore 
the total number of electrons in each orbital state at 
a given site is a conserved quantity and the orbital 
part of the effective Hamiltonian H has no dynam- 
ics. The orbital degrees are thus Potts-like .Z3 static 
variables. The spin-orbital Hamiltonian has the fol- 
lowing form: 

-5][Jo + Jf5,;-5,]OO^f (1) 

(y) 

where the sum is over pairs of nearest-neighbor sites 
of the pyrochlore lattice. The first term describes an- 
tiferromagnetic coupling between the NN spins and 
is active when the bond is occupied by the corre- 
sponding orbitals of the same type [see Fig. 2 A]. For 
the bond ij in a/3-plane we have Of^ — Pi.ai3Pj,af}, 
where Pi^ap is a projector operator and is equal to 1 
when a/3 orbital on site i is occupied and is zero oth- 
erwise. When the bond ij in a/3-plane is occupied by 
two different orbitals, one of them being of a/3 type 
[see Fig.2B], then there is gain of energy Jq , inde- 
pendent of spin configuration on the bond. This is 
given by the second term of the Hamiltonian. How- 
ever, in the same situation, the local Hund's cou- 
pling Jh favors the parallel orientation of the spins 
and introduces a weak ferromagnetic (FM) coupling 
Jp between them, described by the last term in the 
Hamiltonian. Along the bond in a/3-plane O,^^^ = 
PiMpil - Pj,ap) + -P;,a/3(1 " Pi,ap)- There is a local 
constraint Pi^xy + Pi.xz + Pi,yz = 1 as we have one 
electron at each site. The coupling constants can be 
expressed in terms of J = /U , defining the en- 
ergy scale of the problem, and parameter rj = Ju/U 
measuring the strength of the Hund's coupling with 
respect of local Coulomb repulsion U. For TM ion 
7y — Jn/U <C 1 and is of the order of 0.1. In this 
limit we have Jaf — Jo J, and Jf ^ rjj [12,13]. 
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3. The ground state phases 

We start our analysis of the ground properties 
from well defined realistic limit = 0. In this case 
the Hamiltonian Eq.(l) simplifies and takes the fol- 
lowing form: 

n = Es + UY.[^i-S^ + -^Of (2) 

where Es = —2JN is the constant energy shift due 
to spin uncorrelated virtual fluctuations and N is the 
number of sites. In deriving Eq.(2) we have used the 
fact that each lattice site has nearest-neighbors in all 
three directions xy, xz, and yz, and the constraint 
for projection operators given above. 

The first observation is, that in the limit 77 = the 
only bonds occupied with corresponding same type 
orbitals give the contribution to the energy. The spin 
exchanges on such bonds are antiferromagnetic. Dif- 
ferent orbital configurations will have different num- 
ber and pattern of AFM exchange of underlining 
spin subsystems, and, in principle, different ground 
state energy. However, for classical Neel type config- 
uration of spins on such bonds {Si ■ Sj) = —1/4 and 
the second term in Eq.(2) vanishes. It thus follows 
that for any orbital pattern the spin subsystem have 
the same classical energy and the classical ground 
state is infinitely degenerate. 

As we have noted above each occupied orbital has 
finite overlap only along corresponding chain. It is 
easily verified that interacting AFM bonds can only 
be connected along the straight lines. Therefore, for 
each orbital configuration, the spin-subsystem can 
be viewed as a collection of decoupled finite (or in- 
finite) antiferromagnetic spin one- half chains. The 
deviation from classical value {Si ■ Sj) = —1/4 on 
AFM bond can be significant for spin one-half one 
dimensional objects. For antiferromagnetically cou- 
pled quantum spins the ground state expectation 
value {Si ■ Sj ) is always smaller than — 1/4 and in this 
case we have finite energy gain due the second term 
of the Hamiltonian Eq. (2). The quantum energy 
per bond depends on the length of such spin chains. 
With increasing the size of AFM chain we have more 
bonds to gain the energy, however the amount of en- 
ergy we gain decreases. The maximum energy gain 
per bond is for the cluster of two spins coupled into 
singlet state, for which we have (S, ■ Sj) = —3/4. 
It then appears that the minimum energy config- 
uration corresponds to such an orbital pattern for 
which isolated non-interacting spin-singlet dimers 
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Fig. 3. Two different eoverings of the unit cubie cell through 
dimers. Locations of singlets are represented by thick links. 
Diflferent numbers correspond to inequivalent tetrahedra. 

are formed [12,15]. The quantum nature of spins re- 
moves the spin degeneracy and drives the system to 
spin-singiot nonmagnetic dimcr manifold. However, 
the latter is highly degenerate with respect of dimer 
orientations. One of the possible dimer coverings of 
the lattice is shown in Fig. 3a. The dimers in the limit 
T] = are noninteracting and the effective dimen- 
sionality of the systems is zero. In the present case, 
as in a spin-Peicrls system, the increase of magnetic 
energy gain due to the shortening of strong bonds 
outweights the increase in elastic energy due to the 
distortion of lattice. Therefore, each type of dimer 
covering induces corresponding distortion of the lat- 
tice and different distortion pattern will cost differ- 
ent elastic energy. Therefore, the "orientational" de- 
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generacy of dimer phase can be lifted by the elas- 
tic energy cost. We have shown in Ref.[12,13] that 
magneto-elastic interaction indeed lifts the "orienta- 
tional" degeneracy and stabilizes the dimer pattern 
leading to the minimal enlargement of the unit cell. 
This generates a condensate of dimers in a valence 
bond crystal state, forming one dimensional dimer- 
ized helical chains, indicated by arrows in Fig. 3b, 
running around the tetragonal c-axis. Such a dimer- 
ized pattern has been actually observed in MgTi204 
[6] . There is a peculiar orbital ordering in the dimer- 
ized phase: a fcrro-type order along the helices with 
antiferro-typc order between them (sec Fig. 3b). 

Finally, let us briefly comment on the effect of 
finite Hund's coupling rj ^ Q. The latter induces 
the ferromagnetic coupling, Jp ~ 77 J, between the 
spins belonging to different dimers. For FM cou- 
pling much smaller than the binding energy of the 
spins into spin-singlet state Jfm <C A ~ 4J, the 
dimer state is stable against weak interdimer cou- 
pling. With increasing rj one finds only one phase 
transition, presumably first order, from singlet-state 
to a ferromagnetic state with a different orbital or- 
dering [12,13]. The dimer state and ferromagnetic 
spin order are only possible ground state phases of 
spin-orbital Hamiltonian Eq.(l). 
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